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Abstract 

We investigate the multiplicity of nontrivial weak solutions for a class 
S^ of complex equations. This class of problems are related with the 

existence of solitary waves for a nonlinear Schodinger equation. The 
main result is established by using minimax methods and Lusternik- 
Schnirelman theory of critical points. 
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1 Introduction 

In this paper, we establish existence and multiplicity of nontrivial weak 
solutions for the following class of nonlinear Schrodinger equations: 

f (iv-A{z])\+{\W{z) + l)u = f{\u\ 2 )u, zeR N , {px) 

\ueH 1 {M. N ,C), 

where e, X are positive parameters and W, f are continuous functions 
satisfying some technical conditions. 

This class of problem is related with the existence of solitary waves, 
namely solutions of the form ip(x, t) := e~*~*M(x), with £el, for a nonlinear 
Schrodinger equation like 

ie^=(^y-A{zj)\ + U{z)ij-f{\^, zeR N , (NLS) 

where £>0,iV>2,eis the Planck constant and A is a magnetic potential 
associated to a given magnetic B, U(z) is a real electric potential and the 
nonlinear term / is a superlinear function. A direct computation shows that 
if) is a solitary wave for (NLS) if, and only if, u is a solution of the following 
problem 



(-V - A(z)Y u + (\W{z) + l)u = f(\u\ 2 )u, 



ini" ri.r 



where XW(z) + l = U(z) — E. It is important to investigate the existence and 
the shape of such solutions in the semiclassical limit, namely, as e — > + . The 
importance of this study relies on the fact that the transition from Quantum 
Mechanics to Classical Mechanics can be formally performed by sending the 
Planck constant to zero. 

At the last years, a lot of papers have considered some classes of problem 
related to problem (P e ,\), for the case where the magnetic field is nontrivial, 
that is, A 7^ 0, motivated by a seminal paper due to Esteban and Lions 
[7], see for example, Alves, Figueiredo & Furtado [3j H], Cingolani & Secchi 
PHIII], Cingolani, Jeanjean & Secchi [9], Chabrowski & Szulkin [8], Ding & 
Liu H2], Ding & Wang [T3], Kurata [H], Liang & Zhang [15], Tang [T7] and 
their references. 

In [6], Barstch & Wang treated the problem ( II. ip considering the case 
where A = 0, fit) = \t\~i~ and W satisfying : 



(Wi) W e C(R* R), iy(x) > for all x E R N and ft = mtW' 1 ^) 
is a nonempty bounded open set with smooth boundary dQ and 

n = iy- i (o). 

(W2) There exists K > such that 

/x(j:r G M N : W(x) < K \) < 00. 

In [6], it is proved the existence of a least energy solution u\ of (P) and for 
any sequence A n — ?• 00 has a subsequence such that u\ n converges strongly 
in H 1 (M N ) along the subsequence to a least energy solution of the following 
limit problem 

—A-u + u = u q , in Q 

u(x) > in Q and u = on dfl 

Moreover, it is stated that there exist 1 < go < ^fz§ and a function 
A : (<?o> |fzf ) "~ *" ^ sucn that (P) has at least cat(O) solutions for any 
A > A(g). ' 

Motivated by results showed in [6], Alves & Soares in [5] have considered 
the existence and multiplicity of solutions for the following class of quasilinear 
problem 



pN 
I — t* /-ip'u t \/\vv yjb j t J-^i'tip u — j yuj, 111 IF 

foe) 



-e p A p u + (XW{x) + 1)|u| p " 2 m = f(u), in 



m(x) > in 



)JV 



where e and A are positive parameters, A p is the p-Laplacian operator and 
2 < p < N. The assumptions on W are essentially those assumed in [6], 
namely (W2) and the following version of iW\)'- 

{W[) W E C l (R N ,R),W(x) > for all x e R N and Q, = mtW^iO) is a 
nonempty bounded open set with smooth boundary dQ and G O. 
Moreover, jy _1 (0) = fl U D where D is a set of measure zero. 

An important point related to conditions (W{) — (W2) is the fact that 
potential V(x) = XW(x) + 1 does not verifies the condition 

liminfV(x) > inf V(x) = V >0, (R) 

x-l^oo x€R N 



which has been introduced by Rabinowitz [16] . By assuming some technical 
conditions on /, the main result proved in [5] claims that if (W[) — (W2) hold, 
then there exists e* > such that for any e G (0, e*) there exists A*(e) > 
such that (P\ >€ ) has at least cat(fl) solutions for any A > A*(e). 

The main proposal of the present is to establish the same type of result 
found in [5] for problem (P e ,\)- To this end, we assume that the nonlinearity 
/ : R — )■ R is of class C 1 and satisfies the following conditions: 

(/1) f( s ) = f° r all s < and f(s) = o(\s\) at the origin; 

(/ 2 ) lim /(s)|s| ( ~ 9+2)/2 = for some q G (2,2*), where 2* = 2N/(N - 2); 

\s\— >oo 

(/ 3 ) There exists 9 > 2 such that < §F(s) < sf(s) for all s > 0. 
(/j) The function s — > f(s) is increasing for s > 0. 

A typical example of a function satisfying the conditions (/1) — (^4) is 
given by /(s) = s qi for s > 0, with 1 < qi < q — 1, and /(s) = for s < 0. 

Before to state our main result, we recall that if Y is a closed set of a 
topological space X, we denote the Lusternik-Schnirelmann category of Y in 
X by catx{Y), which is the least number of closed and contractible sets in 
X that cover Y. Hereafter, catX denotes catx{X). 

Our main result is the following: 

Theorem 1.1 Suppose that A e C(R N ,R N ) is bounded, (W[) - (W 2 ) and 
(/1) — (A) ^oW. T/ien t/iere exists e* > such that for any e G (0, e*) 
there exists A*(e) > such that (P e ,\) has at least cat(Q) solutions for any 
\>X*(e). 



In the proof of Theorem 11.11 we will use variational methods and prove 
important estimates involving some minimax levels. Here, since we are with 
the presence of the a magnetic field, some estimates involving the case A = 
cannot be repeat and new estimates are necessary to get the results, see 
for example the Sections 4 and 5, where key estimates involving the some 
minimax levels and barycenter were made. 

The plan of this paper is as follows. In Section 2, we recall some 
properties involving the function spaces and the energy functional associated 



with problem (P e ,x)- In Section 3, we study the behavior of the Palais- 
Smale sequence involving the energy functional. In Section 4, we show some 
estimates involving some minimax levels, and finally in Section 5, we prove 
Theorem 11.11 

2 Variational Framework 

By the change of variables z !->■ ex, we can see that (P £ ,x) is equivalent to 

-V-A(ea;)j u+{\W{ex) + l)u = f{\u\ 2 )u, xeR N , , n , 

l J l-^e.Aj 

For each e, A > 0, we set the Hilbert space 

H e>x =\ueH 1 (R N ,C): f W(ex)\u\ 2 <oo\ 

under the scalar product 

(u, v) ttX := Re ( / V e uW~v + (XW(ex) + l)uv ) , 

where Re(w) denotes the real part of w G C, w is its conjugated, 
V 6 u := {D\u,D e 2 u,...,D e N u) and D) := z -1 ^ - Aj(ex), for j = 1,...,N. 
The norm induced by this inner product is given by 

1/2 

Ml* a = ( / |V e i*| 2 + (^W(ex) + l)\u\ 2 
\Jr n 

In this work, the usual Hilbert space if 1 (R Ar ,C) is provided with the 
inner product 



(u,v) e :=Re ( / V £ «V £ t) + 

\Jr n 



II V 



The norm induced by this inner product is given by 

■ V2 

U\\ e = ( / |V e u| 2 + \u\ 



As proved by Esteban and Lions in [7J Section II], for any u G H t \ there 
holds 



iVlulfaO 



Re (V«A) 
V \u\J 




/ 


■ . X U 

- tA e U)- — r 

\u\ 


= 


Re 1 (Vm - 



< \V e u{x)\. (2.1) 



The above expression is the so called diamagnetic inequality. It follows 
from it that, if u G H e \, then \u\ G H 1 (M. N , M). Moreover, the embedding 
H e \ <^-> L (? (]R 7V ,]R) is continuous for each 2 < q < 2* and, for each bounded 
set A C M. N and 2 < q < 2*, the embedding below is compact 

F e>A ^L«(A,M). (2.2) 

We say that a function u G i^ e ,A is a weak solution of the problem (P e ) if 

Re( / V t uVvl+ (XW(ex) + l)uv - f {\u\ 2 )uv )= 0, for each v G # e , A . 

In view of (f'2) and (^3), we have that the associated functional I ei \ : H eX — >• R 
given by 

M«) := ~ / |Ve«| 2 + i / (AW(ex) + i)M 2 - i /V(M 2 ) 



is well defined. Moreover, L\6 C X (H. 



l e,\ 



with the following derivative 



r eX {u)v = Re( V e uV e v + {XW{ex) + l)uv- f{\u\ 2 )uv) \/u,v e H tyX . 
Hence, the weak solutions of (-D 6) a) are precisely the critical points of I et \. 



3 The Palais-Smale condition 

In this Section, the main goal is to show that functional I Ey \ satisfies the 
Palais-Smale condition. To this end, we have to prove some technical lemmas. 

Lemma 3.1 If (v n ) be a Palais-Smale sequence for I eX in H eX such that 
v n — *■ v in H eX for some v in H eX , then 



L.\(v. 



eM v n 



and 

where v n = v n — v. 



~- I e ,\{v n ) ~ Ie,\(v) + o n (l] 

T L\(Vn) = 0„(1) 



Proof. Firstly, we observe that the limits below hold 



/ n\vn\ 2 )=j F(\v n \ 2 )- f F(\v\ 2 ) + o n (l) (3.1J 

Jr n Jr n Jr n 



and 



f(\Vn\ 2 )Vn-f(\v 2 n \)v n + f(\v\ 2 )v 



On(l) 



(3.2) 



for some r E (2,2*). 

We will show only the first limit because the same arguments can be used 
in the proof of other one. We begin remarking that 

r 1 d 

F{\v n + v\ 2 ) - F{\v n \ 2 ) = J j t F{\v n + tv\ 2 )dt. 



Then 



F(\v n \ 2 ) - F(\^ n \) = [ f(\v n + tv\ 2 )2\v n + tv\\v\dt. 
Jo 

From this, for each 7 > 0, there exists C 1 > such that, 



F(H 2 )-F(|^|)< / [2 1 \v n + tv\\v\+2C 1 \v n + tv\ T - 1 \v\]dt. 
Jo 



Hence 



and so, 



\F(\ Vn \ 2 )) ~ F(\v n \ 2 )\ < C^ 2 + a,\v\ 2 + iKf + C>f ] 



\F{\v n \ 2 ) - F{\v n \ 2 ) - F{\v\ 2 )\ < C[ 7 |Sy 2 + C,\v\ 2 + 7l^n| 2 * + C,\vf] , 

for some positive constant C 7 > 0. Now, repeating the same arguments 
found in [2], it follows that 

/ \F(\v n \ 2 )-F(\v n \ 2 )-F(\v\ 2 )\^0 
Jrn 



or equivalently, 



/ F(\v n \ 2 )= I F(\v n \ 2 )- I F(\v\ 2 ) + o n (l) 

Jr n Jr n Jr n 



On the other hand, 

ll~ Il2 II ||2 || ||2 i /i\ /o n\ 

\\Vn\\e,\ = IKILa - \\v\\e,\ + 0„(1). (3.3) 

Now, using (13. ip . (I3.2p and ( I3.3p . we deduce that 

Ie,\(Vn) = h,\{v n ) ~ h,\{v) + 0„(1) 

and 

l'e,\{Vn) = O n (l), 

which completes the proof. ■ 

Lemma 3.2 Suppose that f satisfies (/i) — (fa). Let (v n ) C iL,A be a (PS) C 
sequence for I t \. Then there exists a constant K > 0, independent of e and 
X, such that 

limsup||v n ||^ A < K, 

for all e, A > 0. 

Proof. By (/ 3 ), 

1 
6 

where o n (l) — >• as n — > oo. Thus, we conclude that (v n ) is bounded in H e \ 
with 

hmsup||i; n || e>A < AT := — -. 

n—toc " " 

■ 

Lemma 3.3 Suppose that f satisfies (f\) — (/ 3 ). Lei (t>„) C H e x be a (PS) C 
sequence for I e \. Then c > 0, and if c = 0, we have that v n — > in H £ \. 

Proof As in the proof of Lemma 13.21 

C + O n (l)||v n || e ,A = Ie,\(Vn) ~ ^aKH - (2 ~ ^) ll V »H?,A ^ ° ( 3 - 4 ) 

that is 

c + o n (l)||v n || eiA >0. 

The boundedness of (v n ) in H tX gives c > after passage to the limit as 
n — > oo. If c = 0, the inequality ( 13. 4ft gives t> n — )• in X £) a as n — >■ oo, 
finishing the proof of Lemma 13.31 ■ 



C + O n (l)||f n || e ,A = Ie,\{v n ) - -I' eX {v n )v n 

A K 



Lemma 3.4 Suppose that f satisfies (/i) — (f^). Let c > and (v n ) be a 
(PS) C sequence for I e .\. Then, there exists 5 > such that 



liminf / \v n \ q > 5, 

n ^°° Jr n 

with S being independent of A and e. 

Proof From (f\) — (/ 2 ), there exists a constant C > such that 

\f(t)t\<\\A 2 + CW (3-5) 

for all t E R. Now, combining (J3.5P with I' eX {v n )v n = o n (l), we get 

1 



-,^n||,A<C/ k| 9 + On(l). (3.6) 

Recalling that 

^ Jrn 

(/ 3 ) combined with I et \(v n ) = c + o n (l) yields 

liminf ||v„||* A >2c>0. (3.7) 

Hence, the lemma follows from (13. 6p and ( 13. 7p . ■ 

Lemma 3.5 Suppose that f satisfies (/i) — (^3) andW satisfies (W{) — (W2). 
Let d > be an arbitrary number. Given any e > and 77 > 0, t/iere exist 
A,, > and R v > 0, which are independent of e, such that if (v n ) is a (PS) C 
sequence for I e ^ with c < d and X > A v , then 

limsup / \v n \ q < r\. 

rwoo JrN\ Br ^( ) 

Proof. Given any R > 0, define 

X(R) = {xeR N : \x\ > R; W(ex) > K } 

and 

Y{R) = {xER N : \x\ > R; W{ex) < K }. 



10 

Observe that 



H 2 < tt^-t / (XW(ex) + l)\v n \ 2 < \\v n \\l x . 



From Lemma [3.21 there exists K > such that 

f , 2 K , N 

hmsup / |u n | < ■ (3.8) 

n^oo «/X(.R) ^-"-0 + -1- 

On the other hand, by Holder inequality 

\vn\ 2 <( [ \v n f)*Qi(Y{R)))Z. 

Y(R) V JY(R) J 

Using Sobolev Embedding Theorem and Lemma 13.21 there exists a constant 
K > such that 

limsup/ \v n \ 2 < K(fi(Y(R)))%, (3.9) 

n->oo JY{R) 

where the constant K is uniform on c G [0, d\. Since 

Y(R) c{xeR N : W(ex) < K }, 

it follows from (W 2 ) 

lim v(Y(R)) = 0. (3.10) 

R— >co 

Using an interpolation property, we derive that 



l-a 



\Vn\LiQl»\B R (0)) S l W nlL2(R^\B fl (0))l U nlL2* (IR iV\ i j fl(0)) 

for some a G (0, 1), and thus by Lemma f3. 21 there exists a constant K > 
such that 

limsup / \v n \ q < i^limsup ( / l^vl 2 ) • (3-H) 

Combining (13. 8 j) with (13. 9ft and (13.101) . given r\ > 0, we can fix R = R v and 



A^ > such that 



limsup/" \vX<(^L) ql (3.12) 



11 



for all A > A v . Consequently, from (13. lip and (13. 12ft . 

limsup / \v n \ q < rj. 

n-^-oo Jn N \B R (0) 

This concludes the proof of the lemma. ■ 

As a first consequence of the last lemma, we have the following result 

Corollary 3.1 If (v n ) is a {PS) C sequence for I e .\ and A is large enough, 
then its weak limit is nontrivial provided that c > 0. 

The next result we will prove functional I e ^\ satisfies the Palais-Smale 
condition for A sufficiently large for e arbitrary. More precisely, we state: 

Proposition 3.1 Suppose that (/i) - (/ 3 ) and (W{) - (W 2 ) hold. Then for 
any d > and e > 0, there exists A > 0, independent of e, such that I e \ 
satisfies the {PS) C condition for all c < d, A > A and e > 0. That is, any 
sequence (v n ) C H e \ satisfying 

h,\{v n ) -> c and I'^ x {v n ) -> 0, (3.13) 

for c < d, has a strongly convergent subsequence in H e \. 

Proof Given any d > and e > 0, take c < d and let (v n ) be a {PS) C 
sequence for I e \. From Lemma 13.21 there are a subsequence still denoted 
by (v n ) and v G H t \ such that (v n ) is weakly convergent to v in H e \. If 
v n = v n — v, from Lemma [3. 11 

Ie,x{Vn) = Ie,x{Vn) ~ h,x{v) + O n (l) (3.14) 

and 

l' e , x (v n )^0. (3.15) 

Once that I' e \(v) = 0, (fa) gives 

I e , x (v) = I e>x (v) - \l' e , x {v)v >{\~\) Mix, > 0- (3-16) 

Setting d = c — I e>x (v), by (I3.14p - (l3.16p . we deduce that d < d and (v n ) 
is a (PS) j sequence for J e ^, thus by Lemma I3T3"1 we have d > 0. We claim 



12 



that c' = 0. On the contrary, suppose that d > 0. From Lemma \3. 41 there is 
5 > such that 

liminf f \v n \ q >6. (3.17) 

n ^°° Jr n 

Letting rj — f and applying Lemma 13.51 we get A > and R > such that 



limsup / |w n | 9 < - (3.18) 

for the corresponding (PS) C > sequence for J £i >, for all A > A. Combining 
(I3.17P with (I3.18P and using the fact that v n — *■ in if e ,A, we derive 

5 < liminf / \v n \ q < limsup / \v n \ q < _ 



which is impossible, then c' = 0. Thereby, by Lemma f3. 31 t> n — > in -f/^A, 
that is, v n — )■ v in if eA and the proof of Proposition 13.11 is complete. ■ 

In closing this section, we proceed with the study of (PS , ) Cj00 sequences, 
that is, sequences (v n ) in H e \ verifying: 

i) \ n — > oo 

ii) (I e ,\ n (v n )) is bounded 

«*') ii^K)ii:, An ^o 

where || ||* A is defined by 

IMI*,A n = SUP{|V(«)I; M € #e,A„, ||M||e,A < 1} for yj G #* An . 

Proposition 3.2 Suppose that (fi) — (/ 3 ) and (Wi) — (W2) /io/<£ Assume 
that {y n ) C iif 1 (R'' v , C) zs a (PS) CyOQ sequence. Then for each e > fixed, 
there exists a subsequence still denoted by (v n ) and v e G H 1 (WL N ,C) such that 

i) v n — >■ f e in if 1 (lR Ar , C). Moreover, v e = on QF e and v e is a solution of 

1 \ 2 

-V-A{ez)\ u + u = f{\u\ 2 )u, zeQ e , 

where fL = -. 



13 



u) A n / W(ex)\v n \ 2 -> 0. 

m; ||v n - w||L n ->• o. 



Proof. As in the proof of Lemma |3.2[ the sequence (||fn||e,A n ) is bounded 
in R. Thus, we can extract a subsequence v n — *■ v e weakly in H e \. For each 
m G N, we fix 



C m = (xel f : W e (x)>- ( . 
I m 

where VF e (a?) = W(ex). Hence, for each n EN, 

I Tfl I Tfl 

v n \ 2 < m / W e {x)\v n \ 2 < — / (1 + \ n W e {x))\v n \ 2 < t-||«„||^. 



Then, by Lemma [3.21 

f l9 mK „ 

I \v n \ < -p- for n e N, 

JCm *n 

for some constant K > 0. Using Fatou's Lemma, we get 

kl 2 = 



after to passage to the limit as n — > oo. Thus t> e = almost everywhere in 
C m . Observing that 

^ N \w-\o) = u™ =l c m , 

we deduce that v e — almost everywhere in M^ \ W~ l (0). Now, recalling 
that W e -1 (0) =Q £ UA and //(£> £ ) = //(fD) = 0, it follows that v e = 
almost everywhere in M^ \ fi e . As <9f2 e is a smooth set, let us conclude that 

v e eH%(n e ,C). 

Arguing as in Lemma 13.51 we can assert that given 77 > there exists 
R > such that 

liznsup / W « < , (3.19) 

and 



limsup / |u n |* < 77. (3.20) 
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From (/i) — (/ 2 ), for each 7 > there exists C 7 > such that 

1/00 1 < 7 + C T \s\ {q - 2)/2 for all s G R. 

This inequality combined with Sobolev Embedding Theorems and the limits 
(I3.19P and (j3.20p yields there is a subsequence, still denoted by (v n ), such 
that 

lim f f(\v n \ 2 )v n = [ f(\v e \ 2 )v e (3.21) 

n ^°° Jr n Jr n 

and 

lim f f(\v n \ 2 )v e = [ f(\v e \ 2 )v e . (3.22) 

™^°° Jr n Jr n 

Thus, by ( ET2T]) and f l3T22|) . 

II 1 1 2 _- 11 ||2 II 112 II Il2 1 /1 \ 

\\Vn-V e \\ e <\\v n -V € \\ eM = |K|| e ,A n -|kll6,A„ + n(l) 

= K,\ n ( v n)Vn ~ l' eM (v e )v e + O n (l) = O n (l). 

Thereby, f e is a solution of 



1 V 

-V-A(ez)\ u + u = f(\u\ 2 )u, ze£l e , 

and the proof of i) is complete. 

To deduce ii), we start observing that 

\\Vn\\ 2 + Xn[ W e ( X )\v n \ 2 = [ f(\v n \ 2 )\v n \ 2 + O n (l). 

Jr n Jr n 

Since v n — > v t in iJ 1 (R 7V , C) and v e is a solution of (D e ), we obtain 

lim A n / W e (x)\v n \ 2 = 0, 

which we conclude ii). 

For to prove iii), we observe that 

\\v n - v e \\ 2 Xn = \\v n - v e \\ 2 + X n / W e (x)\v n \ 2 . 

Jr n 

This last equality allow that we conclude that 

\K-Ve\\lx n =On(l). 



(A 
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Corollary 3.2 Suppose that (W{) - (W 2 ) and (/ x ) - (/ 4 ) hold. Then for 
each e > and a sequence (v n ) of solutions of (P e ,\ n ) with X n — > oo and 
lim sup I e ,\ n (v n ) < oo, there exists a subsequence that converges strongly in 

iJ 1 (M Ar ,C) to a solution of the problem (D e ). 

Proof. By assumptions, there exist c£l and a subsequence of (v n ), still 
denoted by (v n ), such that (v n ) is a (PS) c<ao sequence. The rest of the proof 
follows from Proposition 13.21 ■ 

4 Behavior of minimax levels 

This section is devoted to the study of the behavior of the minimax levels 
with respect to parameter A and e. For this purpose, we introduce some 
notations. In the next, Ai e ,\ denotes the Nehari manifold associated to I €t \, 
that is, 

M e , x = {v G H e>x : v + and I' e>x {v)v = o} 

and 

c ejA = inf I et \(v). 

From (fi) — (/ 4 ) and arguing as in [18J, we can prove that c e ^\ can also 
characterized as the mountain pass minimax value associated with I e> \. 

On account of the proof of Proposition 13. 21 when A is large, problem (D e ) 
can be seen as a limit problem of (-D e ,A,) for each e > 0. The functional 
corresponding to the problem (D e ) is given by 

Pe{v) = \f{\VM 2 + \v\ 2 )-\f F(M 2 ) 

for every v G ifg(fi e ,C). Here and subsequently, A^ e denotes the Nehari 
manifold associated to P t and 

c(e,fi) = inf PJv) 

DeM f 

stands for the mountain pass minimax associated with P e . 

Since G fi, there is r > such that B r = B r (0) C fi and Bl = Bz(0) c 
fi e . We will denote by P e . Br : H£(Bl(0), C) -»■ R the functional ' 

P,,B r {v) = - I (|V^| 2 + |^| 2 )- / F(|^| 2 ). 

V J Br J Br 
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Furthermore, we write M e .B r the Nehari manifold associated to P e ,B r and 

c(e,B r )= inf P e , Br {v)- 

v£M e ,B r 

The next Lemma will be useful for studying the behavior of c tt \ as A goes 
to infinity. 

Hereafter, we denote by b^ the mountain pass level associated with 
functional J : H 1 (EL N ,R) -> E, given by 

Joo(v) = U \Vv\* + U \v\*-\f F(H 2 ). 

From diamagnetic inequality ( 12. ip . 

Joo(*v) < M^) Vt > 0, 
and so, 

&oo < C e>A - 

The following result is a consequence of Proposition 13.21 

Proposition 4.1 Suppose (/i) - (/ 4 ) and (W x ') - (W 2 ) /io/d. Let e > be 
an arbitrary number. Then, 

lim c € ,a = c(e, fl). 

A— >oo 

Proof. By Proposition 13.11 and Mountain Pass Theorem, we can assume 
that there are two sequences, X n — » oo and (v n ) C H e \ n , such that 

ie,A„(Un) = C e ,A„ > and I« tAn (Vn) = 0. 

From definitions of c e .A n and c(e, Q), 

c e ,A n < c(e, ft) for all n G N 
which implies 

< h,x n (v n ) < c(e,ft) and I e ', A > n ) = 0. 
Thus, for some subsequence (v n ,), there exists c e [0, c(e, ft)] such that 
Ie,x n Xv nj ) = Ce,A„, -»■ c and I' Xn {v n .) -¥ 
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showing that (v n .) is a (PS') Ci00 , and so, 

/ |V^„| 2 + / (A n W e (a;) + l)\v n \ 2 > 2c eM > 26^ > Vn G N. 

JWL N JR N 

By Proposition 13.21 

A n / W e (x)\v n \ 2 -)• as n — > +oo 

then, 

/ \V t v n \ 2 + I \v n \ 2 > 2b QO > + o n (l) VnGN, (4.1) 

Jr n Jr n 

implying that any subsequence of (v n ) does not converge to zero in 

H\R N ,C)- 



From Proposition 13. 21 there exist a subsequence (v nj ) and v G H (R , C) 



w„ ifc ->• u strongly in ^(M ,C) and t) = in R JV \ Vt e . (4.2) 

From (14. ip and (14.21) . v ^ in //^(fi^, C) and f is a solution of the problem 
{D t ), from where it follows that 

P e (v)>c(e,n). (4.3) 

On the other hand, 

P e (v) = lim I e , A (v n .) = lim c e , A = c < c(e, fi). (4.4) 

Therefore, P~3"j) and (jO|) give 

lim c e>A = c(e,fi). 

fc— >00 J K 

As a result, c e) A — >■ c(e, f2) as A — > oo, and the lemma follows. ■ 

Corollary 4.1 Suppose that (W{) — (W2) and (fi) — (f 4) hold. Then for each 
e > and a sequence (v n ) of least energy solutions of (-D e ,A„) with \ n — > 00 
and lim sup I e ,\ n (v n ) < 00 ; taere exists a subsequence that converges strongly 

in H 1 (M. N ,C) to a least energy solution of the problem (D e ). 
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Proof. The proof is a consequence of Propositions 13.21 and 14.11 ■ 

Hereafter, r > denotes a number such that B r (0) C Q and the sets 

Sl^jieR*: d(x,TT) <r} 

and 

CL_ = {x ER N : d(x, dtt) > r} 

are homotopically equivalent to Q. The existence of this r is given by 
condition (W[). For each v G if 1 (IR 7V ,C) with compact support, we consider 
the barycenter of v 

|2 



x\v\ 
P(v) 

I m 2 

Consider R > such that Q C -Br(O) and set the auxiliary function 

1, < t < % 

at) 



For u G H\R N , C),v ^ 0, define 

/ s£ e (|z|)|v| 



M 2 



Now for each y G M and i? > 2diam(fi) fix 

Zn r =\xeR N : -< \x-y\<-\. 

We observe that if y ^ -&+, then f2 e fl Bn(y) = 0. As a consequence 

a C Z« . (4.5) 

e ' e '^ 

for every y ^ ~fi + . Moreover, for y G M N , we will consider the number 
a(R, r, e, y) given by 



a 



(R,r,e,y) = inf I J e>y (v) : /3(f) = y and uejV 6)J ,| 



19 
where 



1 / (|v^| 2 + N 2 )-i 

Zr r „ J ' Z R r 

and 



Je,y{v) = ~l (|V^| 2 +|^| 2 )-- / F(M 



M 1?/ = |v G fl^f ^,R) : u ^ and J^ y (v)v = o}. 
From now on, we will write a(R, r, e, 0) as a(i?, r, e), J £) o as J e and A4,o as 

M. 

Lemma 4.1 Assume that (j\) — (f^) /ioW. Then, there exist e*,5 > sttc/i 

&00 + ^ < a(i?, r, e) 
/or every e G (0, e*). 

Proof. See proof in pfl Proposition 4.1]. ■ 



5 Proof of Theorem 11.1 



For r > and e > 0, let t> re G Hq(Bl (0)) be a nonnegative radially symmetric 
function such that 

Je,B r (vre) = b(e, B r ) and J' e>Br { v re) = 0, 
where 

J.Mv) = I [ |Vn| 2 + i/ H'-lf F(\u\ 2 ) 



2 JBr(o) 2 Jbt{o) 2 ./^^(o) 

e e e 

whose existence is proved in pp. For r > and e > 0, define 
# e : ifi_ -> M € , x by 

r t^e ir ^ (:r) t; re (|x-i/|), xeBr_(y) 

* e (j/)(x) = < 

[ 0, x£Bz(y), 

where r 6)1/ (x) := X/j=i Aj(ey)xi and t £i?/ G (0, +oo) is such that 

^e^-Vd • -y\) G A4 e , A . 
It is immediate that (3 e fi? e (y)) = y for all y G -f2_. 
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Lemma 5.1 Uniformly for y e -£)_, there holds 

limP e (* e (3/)) = 6 0O . 

Proof. Given three sequences e n — >■ 0, A n — ¥ +oo and (y n ) C — f2_, we will 
prove that 

p e n (^e n (y n )) ->&oo as n-*+oo. 

Let t n := i e „,j/„ and v n = v rtn be as in the definition of \l/ en . Using the 
diamagnetic inequality, we have 

b(e n ,B r )<P eri (* en (y n )). (5.1) 

On the other hand, 

i 2 f 
Pe n (^e n (yn))<b(e n ,B r ) + f / | A(e n y n ) - A(e n x + e x y n ) \ \v n \ 2 dx 

1 JBj_{y n ) 

En 

A direct computation implies that (t n ) is bounded, hence 

P e „(*e„(2/n)) < b(e n , B r ) + d / | A(e n y n ) - A(e n x + e x y n ) \ \v n \ 2 dx. (5.2) 

Moreover, it is possible to prove that there is v 6 if 1 (IR 7V ) such that 

v n ^v in H 1 ^). 

Once that A is continuous and belongs to L°°(M. N , K. ), the above limit limit 
loads to 

/ |A(e n y n ) - A(e n x + e a .y n )||t; n | 2 dx. (5.3) 

Combining (15. ip . (15. 2p and ( 15. 3 p with the limit b(e n ,B r ) —$■ b^, we derive 
that 

finishing the proof. ■ 

In what follows, we set 

g(e):= sup |P e (* e (j/)) - U- (5-4) 
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From Lemma ED, g{e) — > as e — > 0. Consequently, we can assume that 

g(e)<6 VeG(0,e*), (5.5) 

where e*,S were given in Lemma 14.11 Here, we are assuming that we can 
decrease e* if necessary. 

Moreover, we observe that I e ,\($ e(y)) = Pe(*&e(y)) < ^oo + g(e) for all 
y G -Q- and A > 0. Hence, the set 

O e ,A := {u G A4 e , A : I e , A («) < 6oo + 0(e)} 
contains the functions \I/ e (y) for y G -fi_, showing that £] a 7^ 0- 
Lemma 5.2 Suppose (/i) — (/ 4 ) and (W{) — (W 2 ) /joW. Lei e* > («'i>en fry 



Lemma J^.l, Then for any e G (0, e*), i/iere exists A* > which depends on e 
such that 

&{v) G -Q + 
e 

for all A > A*, < e < e* and u G £t \. 

Proof. Suppose by contradiction that there exists a sequence (A n ) with 
A n — > oo such that 

w n G M e ,\ n , h,\ n (v n ) <b OQ + g(e) (5.6) 

and 

(3 e (v n ) i -Q+. (5.7) 

e 

Repeating the same arguments used in the proofs of Lemma 13.51 and 
Proposition 13.21 (||f n ||e,A„) is a bounded sequence in K and there exists 
v G H\R N , C) such that v n -± v weakly in ff 1 ^, C), v = in R^ \ fi e and 
for each 77 > there exists R > such that 

limsup / \v n \ 2 < rj. 

This fact implies that 

w n -► u strongly in L^R^C). 
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Hence by interpolation, 

v n -> v strongly in L l (R N ,C) for all t G [2,2*). 
On the other hand, since v n G M. e ,\ n , from (14. ip . 

0<26 oo < / f(\v n \ 2 )\v n \ 2 + o n (l), forallnGN, 

Jr n 

from where it follows that 

0<26 oo < / f(\v\ 2 )\v\ 2 , 

JRN 

which yields 

v ^ 0, P' e (v)v < and lim (3 e (v n ) = p(v). (5.8) 

n— >oc 

From (HTTP and ([EH]), y = f3(v) £ ±Q + , fl E Ci«r and there exists r G (0, 1] 

such that r|f | G A/" £ir Thereby, combining diamagnetic inequality ( 12. ip with 
(15. 5p and (15. 6p . we get 

J e , y {r\v\) < P e (rv) < liminf I e ,x n ,{TV n ) < lim inf I Xn (v n ) < b^ + 5 

which implies 

a(R,r,e,y) < b^ + 5. 

On the other hand, since 

<*(R,r,e,y) = a(R,r,e) 

we have 

a(R, r, e) <b OQ + 5, 

obtaining a contradiction with Lemma 14. 11 and the proof is complete. ■ 

We claim that 

catO^x > cat(tt) (5.9) 

for all e G (0, e*) and A > A*. In fact, suppose that 

c e , A = u™ =1 o, 
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where Oi,i = 1, ...,n, is closed and contractible in O et \, that is, there exists 
hi G C([0, 1] x Oi, O ei \) such that, for every, v G Oj, 

hi(0,v) = v and hi(l,u) = Wi 

for some Wj G O e ,A- Consider 

B^^-^O,), z = l,...,n. 

The sets Bi are closed and 

-fi_ = BiU ... U5„. 
e 

Consider the deformation ^ : [0, 1] x Sj — > -Q + given 

gi(t,y)=p 6 {hi(t,* 6 (y))). 



From Lemma 15.21 the function gi is well defined. Thus, Bi is contractile in 
-Q + . Hence, 

cat(Q) = cat{VL e ) = cati n (-R_) < catC ej A 

e 6 

which verifies (j5.9p . 

Now, we are ready to conclude the proof of Theorem 11.11 From 
Proposition 13.11 the functional I e .\ satisfies the Palais-Smale condition 
provided that A > A*. Thus, by Lusternik-Schirelman theory, the functional 
I e \ has at least cat(Q) critical points for all e G (0, e*) where e* > is given 
by Lemma 14.11 The proof is complete. ■ 
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